MACROSCOPIC ENERGY DIFFUSION FOR A CHAIN OF 
ANHARMONIC OSCILLATORS 



STEFANO OLLA AND MAKIKO SASADA 

Abstract. We study the energy diffusion in a chain of anharmonic os- 
cillators where the Hamiltonian dynamics is perturbed by a local energy 
conserving noise. We prove that under diffusive rescaling of space-time, 
energy fluctuations diffuse and evolve following an infinite dimensional 
linear stochastic differential equation driven by the linearized heat equa- 
tion. We also give variational expressions for the thermal diffusivity and 
some upper and lower bounds. 



1. Introduction 

The deduction of the heat equation or the Fourier law for the macroscopic 
evolution of the energy through a diffusive space-time scaling limit from a 
microscopic dynamics given by Hamilton or Schrodinger equations, is one of 
the most important problem in non-equilibrium statistical mechanics (|5]). 
One dimensional chains of oscillators have been used as simple models for 
this study. In the context of the classical (Hamiltonian) dynamics, it is 
clear that non-linear interactions are crucial for the diffusive behavior of the 
energy. In fact, in a chain of harmonic oscillators the energy evolution is 
ballistic ([iZ])- In this linear system, the energy of each mode of vibration is 
conserved. Non-linearities introduce interactions between different modes 
and destroy these conservation laws and give a certain ergodicity to the 
microscopic dynamics. 

In order to describe the mathematical problem, let us introduce some 
notation we will use in the rest of the paper. We study a system of anhar- 
monic oscillators, each is denoted by an integer i. We denote by {qi,Pi) the 
corresponding position and momentum (we set the mass equal to 1). Each 
pair of consecutive particles + are connected by a spring which can be 
anharmonic. The interaction is described by a potential energy V{qi+i -Qi). 
We assume that V" is a nonnegative smooth function satisfying 

Zs:= [ e-'^^W(ir<oo 
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for all (3 > 0. Let a be the equilibrium inter-particle distance, where V 
attains its minimum that we assume to be : V{a) = 0. It is convenient 
to work with inter-particle distances as coordinates, rather than absolute 
particle positions, so we define vj - qj - qj^i - a. We denote the trans- 
lated function V(- + a) by V{-) hereafter. Namely, we assume V(0) = 0. 
The configuration of the system is given by {pj,rj}j, and energy function 
(Hamiltonian) defined for each configuration is formally given by 

j ^ 

The choice of £j as the energy of each oscillator is a bit arbitrary, because we 
associate the potential energy of the bond V{rj) to the particle j. Different 
choices can be made, but this one is notationally convenient. 

The corresponding Hamiltonian dynamics is given by the equations of 
motion: 

r;w=p,(o-p,-i(o, 

p',it) = V'ir,,,(t))-V'ir,it)). ^ ■ ^ 

We are interested in the macroscopic evolution of the empirical energy pro- 
file under a diffusive macroscopic space-time scaling. More precisely the 
limit, as cx), of the energy distribution on R defined by 

l^Y.£,(NH)6,/^{dy). (1.2) 

i 

Energy is not the only conserved quantity under the dynamics (11. ip . For- 
mally length and momentum are also integral of the motion. In one di- 
mensional system, even for anharmonic interaction, generically we expect a 
superdiffusion of the energy, essentially because of the momentum conser- 
vation ([ini H]). Adding a pinning potential U(qi) on each particle, it will 
break the translation invariance of the system and the momentum conserva- 
tion, and we expect a diffusive behavior for the energy, i.e. the energy profile 
defined by (II. 2p would converge to the solution e{t,y) of a heat equation 

dte = dy{D{e)dye) (1.3) 

under specific conditions on the initial configuration. The diffusivity D = 
D(e) is defined by the Green-Kubo formula associated to the correspond- 
ing infinite dynamics in equilibrium at average energy e (see below for the 
definition). 

As the deterministic problem is out of reach mathematically, it has been 
proposed an approach that models the chaotic effects of the non-linearities 
by stochastic perturbations of the dynamics that conserves energy. In the 
harmonic case, random exchanges of momentum of nearest neighbor par- 
ticles that conserve total energy but not momentum have been studied 
([H El E]). Stochastic exchanges that also conserve total momentum have 
been considered in [H |2], where a divergence of the diffusivity is proven 
for unpinned harmonic chains. The stochastic perturbations considered in 
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these papers are very degenerate (of hypoelliptic type) , since they act only 
on the momenta of the particles, and not on the positions. In particular 
these stochastic dynamics conserve also the total length Y^jfj- 

In this article we want to deal with anharmonic chains with noise that con- 
serves only energy. For reasons we will explain in a moment, we need more 
elliptic stochastic perturbations that act also on the positions. In the case 
of one-dimensional unpinned chains, there is a way to define these pertur- 
bations locally (see the next section for details) just using squares of vector 
fields that appear in the Liouvillc vector field that generates the Hamilton- 
ian dynamics. With these perturbations, we have a dynamics that conserves 
only the total energy. As a result, the dynamics has a one-parameter fam- 
ily of invariant measures given by the grand canonical measures {^'^,^ > 0} 
defined by 

Notice that {rj,Pj}j are independently distributed under these probability 
measures. 

So we can consider the system starting with the equilibrium distribution 
at temperature T = j3~^. We can prove the diffusive scaling limit by the 
results in this article in the following linearized sense: define the space time 
energy covariance in equilibrium at temperature 

C{i,j,t)^¥.{£,{t)£,m-eW 

where E denotes the expectation for the stochastic dynamics starting with 
the grand-canonical measure at temperature and e(/3) is the expectation 
value of £q under i/^. In the following we will denote simply by e the 
corresponding value. Clearly C(i,j, 0) = 5ijx(P)j where x(P) is the variance 
of £q under 1/^3. Then it follows by our results that 

\im NC{[Nyl[Nx],NH) = ^ ^-i^-yf/^vt 

weakly, in the sense of the convergence of A^^^ G{il N)F{j j N)C{i,i, N'^t) 
for good test functions G and F of IR. Here D = D(e) which is formally 
given by 

D = \im-yi^C(i,0,t). (1.4) 

We actually prove a stronger result at the level of fluctuation flclds. If the 
system is in equilibrium at temperature then standard central limit the- 
orem for independent variables tells us that as ^ 00 energy has Gaussian 
fluctuations, i.e. the energy fluctuation fleld 

V A i 
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converges in law to a delta correlated centered Gaussian field Y 
E[Y{F)Y{G)]=x f F{y)G{y)dy. 

In this article we prove that these macroscopic energy fluctuations evolve 
diffusively in time (after a diffusive space-time scaling) , i.e. that the time 
dependent distribution 

yf~j:s,/N{m't)-e} 

V iV i 

converges in law to the solution of the linear SPDE 

dtY = D d^Y dt + yiD^ dyB{y, t) 

where B is the standard normalized space-time white noise. In this sense, 
in equilibrium, energy fluctuation evolves macroscopically following the lin- 
earized heat equation. 

The main point in the proof of this result is the following. Since total 
energy is conserved, locally the energy of each particle is changed by the 
energy currents with its neighbors, i.e. applying the generator L of the 
process to the energy £i we obtain 

LSi = W.^i^i - Wi,i^i (1.5) 

where Wi^i+i = -piV'(ri+i) + Wf-^^. Here -piV'{ri+i) is the instantaneous 
energy current associated to the Hamiltonian mechanism, while Wf-^-^ is 
the instantaneous energy current due to the stochastic part of the dynam- 
ics. While f ll.5p provides automatically one space derivative already at the 
microscopic level, Wi^i+i is not a space-gradient. In this sense this model 
falls in the class of the non-gradient models. Some of these non-gradient 
models have been studied with a method introduced by Varadhan [19] . The 
main point of this method is to prove that Wi^i+i can be approximated by 
a fluctuation-dissipation decomposition 

for a properly chosen sequence of local functions F. In the harmonic case 
of our model, this decomposition is exact for every configuration, i.e. there 
exists a local second order polynomial F such that = DSjEi + LF for 

a constant D (cf. Remark 1 1 1 . 1 1 1 hat contains an equivalent decomposition). 
In the anharmonic case, such decomposition can be only approximated by 
a sequence of local functions F^ in the sense that the difference has a small 
space-time variance with respect to the dynamics in equilibrium at given 
temperature (consequently D is a function of this temperature). 

In order to do such decomposition, we have to use Varadhan's approach to 
non-gradient systems pj] and the generalization to non-reversible dynamics 
[20| [T3] . The main ingredients of the methods are a spectral gap for the 
stochastic part of the dynamics, and a sector condition for the generator L 
of the dynamics. It is in order to prove these properties that we need such 
elliptic noise acting also on the positions. 
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We have to limit ourselves to these results on the equilibrium fluctuation 
and we are not able to prove the full non-linear equation fll.3p starting from 
a global non-stationary profile. Unfortunately most of known techniques to 
prove such hydrodynamic limits in diffusive scaling are based on relative 
entropy techniques (cf. [10], [21], [12]) that do not work for the energy 
diffusion in this model. 

The article is organized as follows: In Section |2] we introduce our model 
and state main results. In Section [3l we give the strategy for proving the 
convergence of the finite dimensional distribution. The complete proof is 
divided into several sections IH El El and [T31 with sector condition proved 
in Section |H1 and the spectral gap in Section [T21 The tightness shown 
in Section [7] concludes the proof. Variational expressions for the thermal 
diffusivity are obtained in Section [TU] and some bounds on it are proven in 
Section [TT] 

2. Model and results 

We will now give a precise description of the dynamics. We consider a 
system of N anharmonic oscillators in one-dimensional space, whose hamil- 
tonian dynamics is perturbed by a random dynamics that conserves total 
energy. We consider a periodic boundary condition, but the results can be 
generalized to different boundary conditions or also to the infinite system. 

Let T := (0, 1] be the 1-dimensional torus, and for a positive integer 
denote by Tn the lattice torus of length : = {1,...A^}. The 
configuration space is denoted by = (M?)'^^ and a typical configuration 
is denoted by u = {jpi,ri)i^YM where = Qi-qi-i represents the inter-particle 
distance between the particles i - 1 and i (here we assume a = without 
loss of generality), and Pi represents the velocity of the particle i. All 
particles have mass equal to 1. The configuration changes with time and, 
as a function of time evolves as a Markov process in M?^ with infinitesimal 
generator given by 

where ^ 

An = i^i Sjy = - ^ {(Xj)^ + (1^ j+i)^}, 

^ij = vA, - V'{rj)dp^, Xi = Y,^„ 
and A^+1 = 1. Notice that A^r is the generator of the Hamiltonian dynamics 
(the Liouville operator) while is the generator of the stochastic pertur- 
bation. Here 7 > is the strength of the stochastic perturbation. We do 
not need any condition on 7, as long as it is strictly positive. 

We assume that the function : R IR+ satisfies the following three 
properties: 

(i) V{r) is a smooth symmetric function. 

(ii) < 5_ < V"{r) < 6+ < +00. 

(iii) 6-/6+ > (3/4)1/16. 



STEFANO OLLA AND MAKIKO SASADA 



Remark 2.1. The assumption / fm|) is quite technical and required only in 
the proof of the spectral gap estimate in Section \h 



We denote the energy associated to the particle i by 

and the total energy defined hy £ = EieXiv which denotes the Hamiltonian 
of the original deterministic dynamics. 

Remark 2.2. The total energy satisfies Ljj{£) = 0, i.e. total energy is a 
conserved quantity. 

Remark 2.3. The other important conservation laws of the Hamiltonian 
dynamics, for the total length EieXiv '^j ^'^^ total momentum EieTjvPi; 
are destroyed by the stochastic noise Sn- In fact LN{Y,i^i) = 7'S'Af(Ej'^j) = 
-lT,iV'{ri), and LNiXiPi) =lSN{XiPi) = "i E»fe-i 



N 



We define a probability measure on Vt^ by 

exp(-/3(f + \/(r,))) 

where 

Z. := r e'^^^^'Ur < oo. 



(dpdr) = Yl n , r. dpidri 



Denote by L'^(iy^) the Hilbert space of functions / on such that 
{P) < oo. Sn is formally symmetric on L^(zy^) and An is formally 
antisymmetric on LP'^v^). In fact, it is easy to see that for smooth functions 
f and g in a core of the operators and A^v, we have for all /? > 



and 



J^2N {dpdr) = J^^^ fSN{g) {dpdr), 

f AN{f)g v^{dpdr) = - f fAM u^{dpdr). 



In particular, the diffusion is invariant with respect to all the measures 
. The distribution is called canonical Gibbs measure at temperature 

T = P'^. Notice that ri, r7v,Pi, •••,PAr are independently distributed under 

this probability measure. 

On the other hand, for every /3 > the Dirichlet form of the diffusion with 

respect to is given by 

^^^M = l L Y.{[X^{f)f^[y^Mf)f>Udpdr). 

We will use the notation for the product measures on the configuration 
space Vt := (M^)^, namely on the infinite lattice with marginal given by 
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^;s|{i,2,...,Af} = ■ The expectation with respect to vp will be sometimes 
denoted by 



In 



Denote by {uj{t) - {p{t),r{t))]t > 0} the Markov process generated 
by N'^L'J^ (the factor A^^ corresponds to an acceleration of time). Let 
C(M+,fi^) be the space of continuous trajectories on the configuration 
space. For any fixed time T > and for a given measure /i^ on , the 
probability measure on C([0, T],Q^) induced by this Markov process start- 
ing from fi^ will be denoted by F^n . As usual, expectation with respect to 
P^iv will be denoted by lE^iv. The diffusion generated by N'^L]^ can also be 
described by the following system of stochastic differential equations 

+ ^N{V'(r,,^)dBl - V'ir,)dBf}, 
dviit) = N\pi-pi_i - ^V'{ri)]dt+^N{-p,_^dBl,+p,dBf} 

where {Bj , Bf}i^j^ are 2 A^- independent standard Brownian motions. 

Since total energy is conserved, the movement is constrained on the mi- 
crocanonical surface of constant energy 




NE\. (2.1) 



Our conditions on V assure that these surfaces are always connected. The 
vector fields {Xi,Yi i+i,i = 1, . . . , A^} are tangent to this surface, and as we 
show in Section [131 Lie{^j, « = 1,...,A^} generates the all tangent 
space. Consequently the microcanonical measures 

are ergodic for our dynamics. We could have chosen i'n,e as initial distri- 
bution, but since by the equivalence of ensembles it converges to vi3{e) as 
A^ ^ oo, it would have been irrelevant. Here /?(£') is defined as the inverse 
function of 

E{P) = J Eodvp = j- + V{P) (2.2) 



where V{^) = {V{ro))i3. 
By Ito's formula, we have 



d£^{t) = N^[Wi-i,, - + N{a^-i,idBl^ - ai,i+idB}} (2.3) 

where 

(^iMi = -V^PiV{ri+i). 
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We can think of Wi^i+i as being the instantaneous microscopic current of 
energy between the oscillator i and the oscillator i + Observe that the 
current VFj^j+i cannot be written as the gradient of a local function, neither 
by an exact fluctuation-dissipation equation, i.e. as the sum of a gradient 
and a dissipative term of the form Ljf^Tih). That means, we are in the 
nongradient case. 

Define the empirical energy distribution associated to the process by 

7rf (w, du) = ^^ y Si(t)S± (du), 0<t<T, u&T, 

and {n^,/) stands for the integration of / with respect to n^^ . 

Notice that we are using here as space variable the material coordinate 
i/N, and not the physical positions g^. These two descriptions are equivalent 
but in our model the material (Lagrangian) coordinates simplify notations. 

It is easy to prove that, starting with the equilibrium measure (or 
with i'N,E(p)), we have tt^ — > E{j3)du as weak convergence in probability. 

We want to investigate the fluctuation of the empirical measure tt^ with 
respect to this limit. Denote by the empirical energy fluctuation field 
acting on a smooth function if : T ^ R as 

^ if(^){<f.(t)-W)}- 

The limit process will be described by {i^}t>o, the stationary generalized 
Ornstein-Uhlenbeck process with zero mean and covariances given by 

E[yt(i/i)ro(^2)] = , ^'^^^ [[ dudvHi{u)eWH2{v) 
.jA-KtDi^) JJ^' 

for every t>0. Here xif^) stands for the variance of the energy (the thermal 
capacity in this context) given by 

Xip) = {£l)p - {So)} = ^ - V'iP) 

and Hi{u) (rcsp. H2{u)) is the periodic extension of the smooth function Hi 
(resp. H2) to the real line, and D{(3) is the diffusion coefficient determined 
later. 

Consider for A; > | the Sobolev space S^-k of the distributions F on T such 
that they have finite norm 

\\y\\ik-U^n)-''^\nen)\' 

n>l 

with en{x) = V2 sin(7rna;). Denote by Qn the probability measure on 
C([0,r],io_fe) induced by the energy fluctuation fleld Y/^ and the Markov 
process {cu^{t),t > 0} deflned at the beginning of this section, starting from 



x^xv/-\x X — X>^XVr^X X 
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the equilibrium probability measure z/^. Let Q be the probability mea- 
sure on the space C([0,T],i^_fc) corresponding to the generalized Ornstein- 
Uhlenbeck process Yt defined above. We are now ready to state the main 
result of this work. 

Theorem 1. The sequence of the probability measures {QAr}Ar>i converges 
weakly to the probability measure Q. 

Remark 2.4. For each H e C°°(T), 

Mf'^:=ri(/J)-yo(^)- rYs{D{/3)AH)ds, (2.5) 

Jo 

and 

are L^{Q) -martingales. 

3. Strategy of the proof of the main theorem 

We follow the argument in Section 11 in [TSj. Theorem [1] follows from 
the following three statements: 

(i) {Qjv}jv>i is tight, 

(ii) the restriction of any limit point Q* of a convergent subsequence of 
{QAf}Af>i to J^o is Gaussian fields with covariances given by 

E[YiH^)Y{H,)] = xmHl,H,)L2^J^, 

(iii) all limit points Q* of convergent subsequences of {QAf}Ar>i solve the 
martingale problems (12. 5p and (12.61) . 

The proof of is obtained by a direct consequence of the central limit 
theorem for independent variables. We will prove ([i]) in section [71 We prove 
here the main point, i.e. (Iml) . 

For a given smooth function if : T ^ M, we begin by rewriting Y/^{H) as 

Yf{H) = Y,''iH)+ TViV E V^/f(^)WM+irfs + M^'^(t) (3.1) 
where \/^H represents the discrete derivative of H: 

and the martingale M^'^{t) is 

Define C the set of all smooth local functions F onQ = (M?)^ with compact 
support, and define the formal sum 



^r,F (3.2) 
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where Tj is the shift on Z. Observe that XiVp and Ya+iTp are always 
well-defined. 

We want to introduce here a fluctuation-dissipation approximation of the 
current Wj,j+i in Cp^pf^^^ " pf) + L^^iF, for a proper constant Cp, and for 
that pourpouse we can decompose fl3.ip with any fixed F eC as follows: 

Yf{H) = Y,'^{H)^ rYr{D{P)A^H)ds + Mj,^p/H) (3.3) 
Jo ' ' 



2 7-3 

N,t 



where 



Jo 



* 1 



-"5 ViV ieTjv 



The proof of flmj) is reduced to the following lemmas: 

Lemma 3.1. For every smooth function H : T ^ 
FeC, 



lim E,,]v 

N-^oo P 



sup (4,^,(i/) + M^,^,(i7))^ 

o<i<r 



and every function 
= 0. 



Lemma 3.2. For every smooth function H : T 



lim E,,jv 



sup 

0<i<T 



0. 



Lemma 3.3. There exists a sequence of functions {FK^Km ^ C such that, 
for every smooth function if : T ^ M, 



lim lim K,,n 



sup {l\,F^,t{H)f 

0<t<T 



0. 



Moreover, for this sequence {Fx} 



Km, 



lim E,J{ao,i + V7Fo,i(rF,,))' + {^X^iTF^Y] = 2D{f3)x{f3) 



2^(/3) 

where D{l3) := D{(3)x(P)P'^ ■ Note that 
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As a consequence of Lemma |3.3[ the martingale M]^ ^{H) will con- 

verge, as N oo and X oo to a martingale Mj ' of quadratic variation 
2tD{l3)x{l3) fjH'{uydu, and the limit Yt{H) of Y/^{H) will satisfy the 
equation 

Yt{H)=Yo{H)+ rYs{D{l3)^H)ds + M^^''. (3.4) 
Jo 

This martingale problem is solved uniquely by the generalize Ornstein- 
Uhlenbeck process Y^ defined above. 

Now we proceed to give a proof of Lemma IXTl Lemma 1X2] will be proven 
in Sectional while Lemma [3.31 will be the content of the rest of the article. 

Proof of Lemma Let us define 

W(0 = -4 E V^i/(^)r,F(a;f ). 

From Ito's formula, we obtain 
Cjv,f(0 = Cjv,f(0) + 4,^,,(//) 



X 



Therefore, 

Since F is bounded and iif is smooth, it is easy to see that the first term is 
(uniformly) of order Using additionally the conditions on F, and Doob's 
inequality we can prove that the expectation of the second term is also of 
order jj. □ 

The proof of Lemma 13.11 is the hard part of the paper. We will need 
some tools to estimate space-time variances through variational formulas, 
as explained in the next section. In order to establish these variational 
formula we need some finite dimensional approximations of the solutions, 
see section [H], where a bound on the spectral gap of 5" is needed. This is 
proven in section [T2j 

4. Space-Time Variance bounds 

In the following we will simply denote by (•) the expectation with respect 
to the grand-canonical measure vp. 

In order to prove lemmas 13.21 and 13. 3[ we will make use of the following 
general bound for time variances: 









j sup 






\o<t<r 


.JO 
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Proposition 4.1. Let F be a smooth function in L'^ (u^ ) satisfying E^^ j^[F] 
for all E>0. Then 

1 fiT 

— (F(-5,)-F). (4.1) 
A proof of (14. ip can be found in [7J or in [H]. 

Observe tliat, by the spectral gap for proven in Section [12], the right 
hand side is always well defined. We want to use the bound (14.11) for func- 
tions of the type F = T,j G{j lN)Tj(f), for a certain class of local functions 

First, we introduce some notations. We denote C the set of smooth local 
functions / on f2 = (M?)^ satisfying that 

feL^iyp), Xd\p,r)eL\vp), Y,,,^f e L\up) 

for all i € Z. Note that C c C. Here and after, we consider operators , S"' 
and A acting on functions / in C as 

L^f = Sy^Af, 57/ = 2^|(x,)V + (n.,i)V}, Af = YX,f-Y,,,,f. 

For a fixed positive integer /, we define := {-/, -/ + 1, / - 1, /} and L\ , 
iS^j the restriction of the generator L'*', 5"^ to A; respectively. For \1/ in 
C, denote by s$ the smallest positive integer s such that A^ contains the 
support of Let Co be a subspace of local functions defined as follows: 

Co = { /; / = YXMF^)+Y,,,^{G,)] for some A cc Z and{Fa,,A, {GJ^.a € C). 

First, we note some useful properties of the space Cq. 

Lemma 4.1. (i) For any f eCo, l> Sf + 1 and E >0, -Ei/j ^[7] = 0. 
(a) Wq^, Wf^i andpf-pl are elements ofCo- 
(Hi) For any F eC, L'^F, S'^F and AF are elements of Cq. 

Proof, (i) and (iii) are straightforward, 
(ii): We have 

Wi,, = l{plV"{r,) - V'{r,r} = ^YoAPoVir,)) 

Wo'li = -poV'ir,)=Yo,i{-Viri)) 
p\-pl = ^i{(po ->o,i{(Po +Pi)ri}. 



□ 



Next, we study the variance 



|i|<Z^ \i\<l^ 

for ■0 e Co where l^ = l-s^-1. We start with introducing a semi- norm on Co, 
which is closely related to the central limit theorem variance. For cylinder 
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functions g, /i in Co, let 

«g,h»,= Y,{g,nh) and « g »,,= Y,i{9,Si)- (4.2) 

« g,h and « g are well defined because g and belong to Cq and 
therefore all but a finite number of terms vanish. 

Notice that if g = T,ieA ^iFi + Yi,i+iGi then we can compute 

« g = lim - ^ ^ j{Gi, Yu+iSj) 

= - ^ it{G„Y,,,^£,) + + 1)(G',, 

For in Cq, define the semi-norm |||/i|||_i by 
= sup {2 « g, h »^ +2a « h 

geC,a£R 

- l{{ap,V'{r,) + Yo.ir,)^) - ^((Xor,)^)}. (4.3) 

We investigate several properties of the semi-norm ||| • in the next section, 
while in this section we prove the following key proposition: 

Proposition 4.2. Consider a local function ip in Cq. Then, 

\\uy{2l)-\{-Sl)-' E r.V', E r.V^) = lll^lll'i- 

\i\<l^ \i\<l4, 

The proof is divided into two lemmas. 
Lemma 4.2. For ij) in Co 

liminf(2/)-i((-5X)"' E E ^^^) ^ i^lll-i- 

\t\<l4, \i\<l^ 



Lemma 4.3. For ip in C 







limsup(2/)-i((-5X)"' E E ^^^) ^ i^lll-i- 



Proof of Lemma \4-2\ Define 

i=-i 

and for F e C, let 

\i\<l-sp-l 

It is easy to see that 

lim(20-^((-5Xr' E r,ij,Ai) = -«i;».., (4.4) 

\im{2ir'{{-Sir' E r,^,Hn = -«i^,F»., (4.5) 
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\imm-'{{-Sl)-\aAi + Hn,aAi + Hf) 

- liiapoV'in) + Yo,,T^r) + |((Xor^)^). (4.6) 

We just prove here fl4.4p . the other relations are proven in similar way. 
Assume for the simplicity that ip = XqF + Yq^iG, the general case follows by 
linearity. Since Ai = Ej=-z j£j 

\i\<l^ j=-l\i\<l^ 

\'i\<i^j=-i 

= {2iy E {^{G,Yo,l£o) + {^ + l){G,Yo,l£l)) 
= (2/)-i(2/,^ + l){G,poV'{n)) 

Then, obviously, 
\imMi2iy {{-SIX' E E ^^^) 

>liminf[2(2/)-i((-52,)"' E r,^, -(a^z + ^^0) 

- (2/)-i((-5X)"'Mz + Hf), {aA, + //,^))] 
= 2 « V', F ». + 2a « ^ -^((apo'^'(ri) + Yo^iTpy) - ^{{XoTfY). 

Then, taking the supremum of a e M and F € C we obtain the desired 
inequality. □ 



Proof of Lemma \4-^ Let us assume for simplicity of notation that -0 



XqF + Yq^iG. The general case will follow straightforwardly. We use the 
variational formula 

{2i)-H{-siy E ^^V', E ^^^) 

= sup 2(^1 E nh)-lvi{h) 

= sup|2(FXo(^ E r,h)^GY,,,{^ E ^h)) - lVi{h)\ 

where 

V,{h) = 'Z{{Xm^'tmMihf)- 

\i\<l i=-l 

The supremum can be restrained in the class of functions h that are localized 
in A; and such that 'Di{h) < G^l. 
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Notice that 



l^<\i\<l l^<\i\<l 



so, calling 



|i|<z 



and observing that, by Schwarz inequality 



we obtain the upper bound 

|i|<;^ |i|<Z^ 



< sup{2(F, ^oih)) + 2{G, cm) - I (m{h)? + {i[{h)f)) ] + 



l- 



Since for any choice of a sequence {/iji satisfying ViQii) < C^l, we have 
that the sequence (Coihi) , ^[{hi)) is uniformly bounded in L'^{yp), we can 
extract convergent subsequences in L^i^up). All limit vectors (i^oiG) that 
we obtain as limit points of (^o(^')i ^i(^O) ^'^^ closed in the sense specified 
in Section O We call this set of closed functions f)c, and we have obtained 
that 

limsup(2/)-i((-5X)"' E E ^^^) 



\i\<i^ 



\i\<li 



< sup {2(F,eo) + 2(G',ei)-^(((eo)' + (6)')) 

and the desired upper bound follows from the characterization of f)c proved 
by Theorem [3] in Section [91 □ 

We are now in the position to state the main result of this section: 

Theorem 2. Let ip ^Cq, and G a smooth function on T. Then 



lim sup Ej^iv I sup 



iV- 



, 0<t<T 



N^l^ r E G{ilN)n^{uj,)ds 



l2\ 



CT 

7 



Ut, f Giufdu 

JT 

(4.7) 



Proof of Theorem\^ We follow the argument in [7J, Theorem 4.2. 
First we prove the simpler bound 

t2\ 



E^_w I sup 

1 0<t<T 



N^l^ f E Gii/N)T,ijMds 



C^T 1 

7 iV..T 



E G'(z/iV)2 (4.8) 



for some finite constant C^. 
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By dUD, the left side of (USD is bounded by 

that can be written with the variational formula 

16T sup |iVi/2 ^ G(z/iV)(/r,^)-iV27(/,(-5^)/)|. 

Since ^/^ e Co, there exists and $j belonging to C, for j e A cc Z, such that 
tp = T,jiA l^ji'^j) + ciiid we can bound by integration by parts 

jeA 

and again by Schwarz inequahty 

and maximizing on / we obtain fl4.8p . 

Now we have to refine the bound by showing that the constant on the 
right hand side is proportional to In order to do this, we have to 

perform a further microscopic average: given K « N, in (14 .Tp we want to 
substitute 

with 

Then the difference is estimated by 

/ r n2 



sup 

0<t<T 



\ 



•Jo , ,.nr.n:f_.i.i^ 2A + 1 



iJeTiv,|i-i|<if 



that by f l48|) is bounded by CgK/N and tends to as oo. 
So we are left with 

t2\ 



E^^ sup 

\0<i<T 



Ari/2 



where ipK = T,\i\<K'^i'^- By (14. ip this is bounded by 

^ sup|ViVG(j7iV)(r,V'^/)-Ar2^ ^ + 

+ ^ jeTN f [ ^ \i-3\<K 

CT 1 
Taking the limit as ^ oo and X ^ cx) we obtain (14. 7p . □ 
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Applying Theorem [2] to I]^ p^{H) we have 

(4.9) 



hmsupE^^ sup {ll^p^{H)f 
CT 



< 



7 



JT 



To conclude the proof of Lemma I3.3[ we need to show that there exists a 
sequence of local functions Fk in C such that 

as K ^ oo. 
Dear Stefano 

I have been thinking about what you wrote for two days. Now I might be 
very confusing, but I think though it clear that < U, S\j^U >=< U, {Y,ii-K -^f'^ 
Z^Zk Yi')U> but it is not clear < U, S^^U >= <U,XfU>+ E^Ix < 

U,Y^^U > or < U,Sa^M >= ZLk < {X.Uf > +Y.t-K < {Y,Uy > where <,> 
is the inner product in L^i^up). Because we do not know Xi^XiU) € LP'^vp) 
or not for each i. I believe there may be some nice proof of them, but I 
could not find so far. Actually, for any g ^ Cq with g = Y,{XiFi + YiGi), we 
can use the equations < g,h >= < XiFi, h > + < YiGi, h >= Y, < Fi,Xih > 
+ < Gi,Yih > because we assume that XiFi, YiGi, Fi,Gi e where h is any 
smooth function with compact support. 

5. HiLBERT SPACE 

In this section, to prove the first statement of Lemma 13.31 we investigate 
the properties of the semi norm ||| ■ |||_i introduced in the previous section and 
the structure of the Hilbert space that it generates. 

We first define from |||-|||_i a semi-inner product on Co through polarization: 

«9,h»-i=\{\\g + hr_,-lg-hr_,}. (5.1) 

It is easy to check that (15. ip defines a semi- inner product on Cq. Denote 
by Af the kernel of the semi-norm |||-|||_i on Cq. Since « •, • »_i is a semi-inner 
product on Co, the completion of Co\j\f, denoted by H-i, is a Hilbert space. 

In the following, in order to simplify notations, we will set L = L'^ and 
S = S^. 

By Lemma Wl] the linear space generated by W^^ and SC := {Sg; g ^ C} 
are subsets of Co- The first main result of this section consists in showing 
that T-L-i is the completion of SC\^f+{WQ -^}, in other words, that all elements 
of TL-i can be approximated by ciWq^ + Sg for some a in M and g in C. To 
prove this result we derive two elementary identities: 

« h, Sg »-i= - «h,g »^, « h, Wq ^ »-i= - « h (5.2) 

for all h in Cq and g in C. 
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By Proposition 14.21 and fl5.ll) . the semi-inner product « h,g »_i is the 
hmit of the covariance (2A^)-i((-S'aj^)-i T,\i\<Ng ^i9i T,\i\<Nh '^^) as iV t oo. In 
particular, if g = Sgo, for some go in C, the inverse of the operator S cancels 
with the operator S. Therefore 

« h, Sgo »_i= - lim {2N)-^ ^ r^^/o, E '^*^) = " « 9o, h . 

|i|<iVg„ |i|<iV;, 

The second identity is proved by similar way with the elementary relation 

i^Ajsf i,i+leAjv 

The identities of fl5.2p permit to compute the following elementary rela- 
tions 

« Wo% Sh »_i = - ^ i{S,Sh) = -f{poV'(n)Yo,iTh), 

«p\ -pl,Sh »_i = 
for all h eC, and 

« w,%w,', »_!= l{(p,V'in)y), « W,%pI-pI »_i= 

Furthermore, 

lawi^i + ^^lll'i = liiapoV'in) + yo,ir,)^) + |((^or,)^) 

for a in R and g in C. In particular, the variational formula f l4.3p for |||/i|||^^ 
is reduced to the expression 

l\ht, = sup {-2 « h, aW^oS + Sg »_i -|||aI^oa + '^^^i'l}- (5-3) 

aeM.,geC 

Proposition 5.1. Recall that we denote by SC the space {Sg; g ^C}. Then 
we have 

n^, = scw + {w,',}. 

Proof. The inclusion "H.i => SC\j\f + {Wq^} is obvious. Then we have only 
to show that if h e T-L^i such that « h.W^^ »= and « h,Sg »= for 
all g ^ C, then = 0. This follows directly from the variational formula 
O- □ 

Corollary 5.1. We have 

n-i = sew ® {w^''} = sew ® {pI - pD- 

Proof. Since « pj -p^, Sh » i= for all heC and « W^^^,pl -pi »-i= 
the result follows from Proposition 15.11 straightforwardly. □ 

Remark 5.1. While the statement of Proposition [3T7] claims that "H-i is 
generated by the spaces SC and {Wq^}{= {oWq^^o e M}), the statement 
of Corollary I5.il claims also that the intersection of them is the trivial set. 
Note that SC and {Wq^} are not orthogonal. 
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Next, to replace the space SC by LC, we show some useful lemmas. 

Lemma 5.1. For all g,heC, « Sg,Ah »_i= - « Ag,Sh Especially, 
« Sg,Ag»_i=0. 

Proof. By the first identity of (15.21) . 

« Sg, Ah »_i = - « g, Ah »*= - "^{rig, Ah) 

^Y.{Mg.h) = Y.<nAg,h) 

= Y,{Ag,T^ih) = Y,{Ag,nh) = -« Ag,Sh »_i . 



□ 



Lemma 5.2. For all g eC, « Sg, W^^ »-i= - « Ag, Wq-^ 
Proof. By the first identity of (15. 2p . 

« Sg, W^^ »_i = -«g, K^ol ».= - Y.{^^g, W^^) 

jeZ 

= - Tig, M^li) = - E ^(9, ^t-i, - w^li) 

«eZ ieZ 

= -Y,i{g,A£:,) = Y,i{Ag,£,) = - « Ag,Wi^, »_i . 



□ 



Lemma 5.3. For all a eM. and g ^C, 

« aW^ i + Sg, aW^^ + Ag » i= 0. 

Proof. By the second identity of (15.21) . it is easy to see that « VF^^^, VF^^^ »-i = 
0. Then, Lemma 15.11 and Lemma 15.21 conclude the proof straightforwardly. 

□ 

Proposition 5.2. There exists a positive constant C such that for all g ^C, 

lAgti < CjSgt,. 



Proof. By Proposition 15. 1[ we have the following variational formula for 
lll^^ll^i, 



2 _ «Ag,aW^^^^ + Sh»^_^ 



l^gLi = sup 



f «Ag,Sh»\ «Ag,aW^^ + Sh»^_-^' 

[fS lShf_, \!olc laWi^, + Shr_, 
{ «Ag,Sh»\ « Ag, W^^ + Sh »^_^ ] 
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By Lemma 18.21 in Section [H], there exists a positive constant C such that 
« Ag, Sh »2^< Clll^/illl^illl^^lll^i for all g,heC. Therefore, we have 

On the other hand, by Lemma 15.2^ we have 

« Ag,Wo', Sg,W,^, |||5^1|^i||W^o'illl'i- 

Therefore, 

« Ag, Wi^, + Sh »l, mtf-i ^ '^C\Shf_, 

Now, we only have to show that 

1 |||>g^|||-i 

t;? iws, + shu ' iwi^, + shu ' 

The first inequality follows from Corollary 15. II To prove the second identity, 
since we have the first inequality, it is enough to show that 

The triangle inequality shows that 

for any h satisfying |||5'/i|||^^ = Then, we obtain that 



□ 

Now, we have all elements to show the desired decomposition of the 
Hilbert spaces Ti^i. 

Proposition 5.3. Denote by LC the space {Lg; g eC}. Then, we have 

n-i = Lcu + {p\-pl}. 

Proof. Since {p\-p1} and LC are contained in Co by definition, 'H-i contains 
the right hand space. To prove the converse inclusion, let h € T-L^i so that 
« h,p\ - pi »-i= and « h,Lg »-i= for all g ^C. By Corollarv 15. 
h - hmfc^oo S^gk in 'H-i for some sequence gu e C. Namely, 



II 2 



1 = lim « Sgk, Sgk »-i= lim « Sgu, Lgk » i 

k^oo k^oo 



since « Sgk^Ag^ »-i= by Lemma [HTTl On the other hand, by the assump- 
tion « h,Lgk »-i= for all k. Also, by Proposition 15. 2[ 

sup|||L(7fc||U<(C+l)supl|S(7fc||U :=C, 
k k 
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is finite. Therefore, 

\lhf_^ = lim « Sgk, Lgj, »-i= lim « Sgu - h, Lg^ »-i 

<\imC4Sgk-hlU = 0. 

Tliis concludes tlie proof. □ 
Lemma 5.4. We have 

n^, = Lcu®{pl-pl}. 

Proof. Let a sequence gu^C satisfy linifc^oo Lgk = a{p\ ~Po) ^-i ^"^^ some 
a 6 M. By a similar argument of the proof of Proposition 15. 3[ 

lim sup « Sgk, Sgk »-i= lim sup « Lgk, Sgk »-i 
= lim sup « Lgk - a{pl -pi), Sgk »-i= 

since « pf -p^^Sgk »-i= for all k. On the other hand, by Proposition 
iLgkt^ < (C + mSgkll,, then a = 0. □ 

Corollary 5.2. For eac/i g ^ Cq, there exists a unique constant a e M such 
that 

g + a{pl-pl) eLC. 

By this corollary, it is obvious that there exists a sequence of local func- 
tions Fk in C such that 

lWo,i + Dmpl-pl)-L''FK\U^O 



as K oo which conclude the first statement of Lemma 13.31 We prove the 
rest of the claim of Lemma 13.31 in Proposition 110.21 in Section [TOl 

6. BOLTZMANN-GlBBS PRINCIPLE 



In this section, we prove Lemma 13.21 First, recall that for each E > 0, 
P{E) is the inverse of the function E{f3) = ^ + V{.P)- Then, by simple 
calculations, we have 

d , 2\ _ d ( 1 \ _ -1 (dE{[5)\^ 

-1 f 1 ~ r' 1 



Now, we can rewrite the term If^^(H) as 



X 



* ^ E H'/^i^M - KE) - h'{E){S, - E)] ds 



where h{E) = = {p\)j3{E), and H'^ = A^H . Lemma IX^ follows from 
standard arguments (cf. [I2]). We sketch it here for completeness. 
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Here one can introduce a further average in a microscopic block of length 
K « N and substitute the following expression 



X 



t I I 
-7^ E HN{ — )TiipK{ujs) ds 



with ifK = 2R+1 '^IMkIp'j ~ ~ ^E)]- Using Schwarz inequality, 

the difference can be estimated to be of order K/N. 

Define 0k = - Ma^,£^, with Sk = {2K + E,.a^- By gl]) 



I sup 



1 0<t<T 



r 1 ^ 

/ ^ E HU^M0kM ds 



<16Tsup^4^ ^ //;^(^)(/WK)-iV27</,(-^^)/>l- 



(6.1) 



By the spectral gap on -S'a^, we can define Uk = (^Saj^.) ^0k- Then 



1/2 



1/2 



Consequently the right hand side of (16. ip is bounded by 



lersupjl- ^ Ki^yi^KUK)] iN<f,i-s^,)f>f' 



-N'7<f,{-SA,)f>\< 



1^ 



and it follows that 



lim Ki^g j sup 

N^oo \0<t<T 



ft I i 

/ -Trf E H';j{ — )TiipK{uJs) ds 



t2\ 



We are left to estimate the corresponding term with {'Pk)ki^£i^- Denote 
'-Pk = (v^A')AK,fA' observe that it has support on and its variance with 
respect to is of order K^'^. Then by Schwarz inequality and stationarity 



of 



) 
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< 



that goes to as X ^ oo, uniformly 



N 
in A^, 



7. Tightness 

The argument exposed above proves the convergence of the finite dimen- 
sional distribution of Qjy. In order to conclude the proof of Theorem [H we 
need to prove the tightness of the sequence in C([0, T],Sj.k)- The argument 
we use is standard. We report it here for completeness. 

Compactness follows from the following two statements: 

lim limsupP^iv ( sup jY/^W-k > ^ ) = 0, (7.1) 

limlimsupP^iv(M;_fc(y^,(5) >e) = Ve > 0. (7.2) 

where || • is the norm in S^^k and w^kiY^ , 6) is the corresponding modulus 
of continuity in C([0,T],S^^k)- We recall that || ■ ||_fc can be written as 

\\Yek = z(^n)-''\yM\' 

n>l 

with e„(x) = V2sin(7rna;). 

Recall the decomposition of Y/^ given by (13. 3p : 

Yfier,) = ^^^(eO + (TcnyD £ Yf{er,)ds + Mj^^^^^/e^) + Z7v,FK,t(e„) 

where E^^n (supQ<4<j.(Z7v^ir^^j(e„))^) can be estimated by the proof of Lem- 
mas [XTl 13.21 On the other hand, E^^n ((Af^^^ ^(e^))^) can be computed 
exphcitly. Then, for A; > 5/2, (17.11) and (17. 2p follows by standard arguments 

(cf. m)- 
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8. Sector condition in H-i 

In this section, we show the sector condition in TL-i which is the key point 
to apply the nongradient method for asymmetric processes. 
First, we prepare a useful lemma. 

Lemma 8.1. For all f,geC, 

« Sf, Ag »_i= -{TfiXo - Fo,i)r,) = (r,(Xo - FcOF/). 

Proof. By the first identity of (15.21) . 

- « Sf, Ag »_!=« /, Ag »,= J^inf, Ag) = ^ (rj, (Xj - Yjj+i)g) 

= E ('^i/' (^k+i - yk+i,k+i+i)9) = E i'^if^ Ti{{Xk - Yk^k+l)r-ig)) 

i,ki.'L i,k£Z, 

= E(/, (Xfc - n,fc+i)r,) = ^(Tfc/, (Xo - yo,i)r,) = (r^(Xo - Fo,i)r,). 

keZ fceZ 

□ 

Define Tj as Tf = E|i|<s^+i t?;/- Observe that in the above expression, 
one can restrict the definition of and Tg as finite sums, namely, we can 
replace them by Fj and Tg. Decompose now Fj = F^ +F|^, where F^ is even 
in pq and F^ is odd. Observe that the vector fields Xq and lo,i change the 
parity of po, so we have 

(f^(Xo - yo,i)f ,) = (f^(Xo - yo,i)f ^) - (f ^(Xo - yo,i)f 

Applying Schwarz inequality, we can bound the above expression by 

and applying the spectral gap for Xq plus Schwarz inequality again, the last 
term is bounded by 

c{{{Xot})Y'HiXotirHyo^ri)Y''H(Xor°^^^^^^^ 

with some positive constant C. 
Recall that 



IS ft, = |((i^o,ir/)^+ W/)^) = ^((Fo,if })^+(>^o,if p^+(Xofp2+(Xofp2). 



Then we obtain the sector condition: 

Lemma 8.2 (sector condition). There exists a positive constant C such that 
for all f,geC, 

\«Sf,Ag»^,\<ClSfUlSgU. 
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9. Closed forms 

In this section, to complete the proof of Lemma 14.3^ we introduce the 
notion of closed forms and give a characterization of them. We generalize 
some ideas developed in the PhD thesis of Hernandez [TT], where micro- 
canonical surfaces were given by spheres, following the general setup of the 
seminal work of Varadhan [19] (see also |T2], appendix 3, section 4). The 
nonlinearity of our interaction reflected in the nonconstant curvature of 
our microcanonical manifolds, requires some substantial modification of the 
original approach. It is in this section that we will make use of the spectral 
gap estimate proved in section [T^l 

Let us decompose C - Uk>iCk, where Ck is the space of functions F e 
C depending only on the variables {pi,ri)_k<i<k- Given F e Ck recall the 
definition of the formal sum 

oo 

and that for every z e Z the expressions 



and 



'^Pi i-k<j<i+k '^Pi 

^iP,r)= X! -^'^jF{p,r) 

^''^i i-k<j<i+k '^'"j 



are well defined. The formal invariance r^(rj(p, r)) = F^^d?, r) leads us to 
the relation 

-K^{P,r) = ^^{Ti{p,r)). (9.1) 
OPi opo 

Remember that Yij = Pid^^ - V'{rj)dp^ and Xi := Yi^i. Given F e C and 
z 6 Z, Xj(r^) and li^j+i(rp') are well defined and satisfy 

Xi{TF){p,r) = TiXo{Tp){p,r), Yi^i+i{TF){p,r) = TiYo^i{Tp){p,r). 

Now we consider the following linear space 

B = {(Xo(rp),yo,i(rF)) e x L^u^) -.FeC}. 

We denote by the linear space generated by the closure of B in L^(zy/3) x 
L^iup) and {0,poV'in)) 



S) = B + {{0,poV'{n))}. (9.2) 

First, we observe that defining a vector-valued function ^ = (^°,^^) as 
{Xq(T p) ,Yq i(T p)) for F 6 C or (0,j9o^'('"i))) the following properties are 
satisfied: 

z) X,(r,C°) = Xjin^o) for all z, j e Z, 
u) Yi^i+i(Tj^^) = Yjj+i{Ti^'^) for all i,j e Z, 
m; X,{T,e) = Yjj^iin^^) if {t} n + 1} = 0, 
iv) PilX.ine) - = 1^'(r.+i)r,e° - V'{r,)T,e for all i e Z, 



26 



STEFANO OLLA AND MAKIKO SASADA 



for all i e Z. 

We call a weakly closed form (or germ of a weakly closed form, cf. |12]). 
a couple of functions ^ = (^°,^^) € L'^^Ufi) x /.^(zy^), that satisfy [i]) to v) 
in a weak sense. A smooth approximation of weakly closed form is not 
necessarily closed, and some type of Hodge decomposition is needed. This 
will be done only after localization in the proof of the following theorem 
that is the main result of this section. 

Theorem 3. If ^ = ^ LP'^vp) ^ LP'^up) satisfies conditions^) to v) in 

a weak sense, then ^ e S^. 

Proof. The goal is to find a sequence (-Fl)l>i in C such that 

L^oo 

in LP'iyji) x L^(;y^) for some constant c. 

First, observe that for a function F eCk we can rewrite, by using fl9.ip . 

k 

Xo{Tf)= ± X,{F){T_,{p,r)) (9.3) 

i=-k 

and 



OF 

+ \P-k-r 



We define for m = 0, 1 

/ 1 ^ Tl^ 

.m,(L) _ -p [cm\Tr,-\,^l t ■ ^ 



(9.4) 



where ^'"(P) ^) = ''^)) -^l is the sub cr-field of Q generated by {pi,ri)f^ 

and (/9 is a smooth positive function with compact support such that ip{E{j3)) 
1 and bounded by 1 (we need this cutoff in order to do uniform bounds later). 
Because is a product measure and ip satisfies that 



for -L <i < L and 



A>(^E{f^nn)})^0 



i=-L 

for -L <i < L-1, the set of functions {(4°'^)}-L<i<i ^ind {(^l'^)}-L<i<L^i even 
satisfies the conditions [|) to on the finite set {-L, -L + 1, . . . , L} if we re- 
place Ti^^ by ^^'^^^ and r^^^ by ^l'^^^ ■ Therefore, they define a closed form in 
a weak sense on a finite dimensional space. To obtain a closed form on each 
microcanonical manifold jo; e (M2)2L+i. Y,^i^£i - {2L + we first take a 
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smooth ^i-measurable approximation of {(Ci'^)}-L<i<L and {(^l'^)}-L<i<L-i 
in 1/^(1^/3), and denote it by {(C°'^^^)}-L<i<L and {(C^''^^)}-L<i<L-i- For arbi- 
trary chosen > 0, we choose {(Ci'^)}^L<i<L and {(C/''^)}-L<i<L-i satisfying 



^- E lie'' 



^l.(i)||2 



Unfortunately, this smooth approximation may not be closed. Therefore, to 
obtain a smooth closed form, we consider a one-form C, = Yh^-lC^'^^^ dXi + 

i+i on each microcanonical manifold. As shown in Section [131 
Lie{{Xj, i - -L, . . . , L}{Yi^i+i,i = -L, . . . , L - 1}} generates the all tangent 
space of each microcanonical manifold, so C is well-defined on any chart. By 
the Hodge decomposition (cf. [T8]) with respect to a Riemannian structure 
associated to our microcanonical measure, there exists a smooth function g 
and a smooth two-form H satisfying 

C = dg + 5H 

since is the only harmonic function on each of these manifolds by the as- 
sumptions on V. Let and given by SH = Ef=_L H^dXi+Y.t-L H}dYi^i^i. 
Since dg and 5H are orthogonal and the set of functions! (^°'^)}_2,<j</, and 
{{i]'^)}-L<i<L-i is closed. 



E 



E, 



L 

I 

i=-L 



L-1 



E 



i=-L 



L-1 



L-1 



l^UL) 

i 



i=-L 



i=-L 



<E 



I'll 



i=-L i=-L 

-.1/2 



L-1 



J.=-L i=-L 

Therefore, we know that 

L L-1 



E 



L-1 



1,(L) tl,(L)N2 



j=-L 



i=-L 



i=-L 

^ t lie- 

i=-L 



L 

E 

i=-L 



E.,[E(^n^^ E(^/n= E ll^.^-c^"^IIW,)+ E lin..i^?-tf'^"^IIW,) 

i=-L 



0,(L) _^0,(L)||2 



L-1 

^ E lie, 

i=-L 



_ /■1,(L)||2 <_ 



Therefore, 



E 11^*5' - C"'^'^^ llL2(i/fl) + E \\Yi,i+ig-^l 



L-1 



l,(i)||2 



i=-L i=-L 

<2{t\\X.g-C^'^^^' 



L-1 



i=-L 



=-L i=-L 

+2{Ellc°''''-e'"lli.(„.,+ Ellc«"-«.' 



Il2(^^) 



<eL. 
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From now on, we show that we can choose a ^i-measurable function g^^^ 
which is smooth on each microcanonical manifold (with respect to the vector 
fields of the tangent space) and satisfies 

X.{9^'^) = ^^''K4^^'^ for -L<r<L^ 

y.M9^'^) = ^''^'^^^'^'^ for -L<t<L-l 

where E^:-LE,,[(e°'('^))2] + Ef=-LE.,[(e;'(^^)2] < eL for arbitrary given > 
0. Then, by the spectral gap proved in Section [T21 g'^^^ is in L'^i^up), so we 
have a sequence of functions {gn}nm in Cl such that 

gn ^ g^^'^ m L'^M, Xi{gn) ^ Xi{g^^^) m L^{vfi) for -L<i<L 

and 

n.+i(i7n)-n.+i(^?^^)) ^nL2(i.^) for -L<i<L-l. 

It means that we can choose a function g^^^ in Cl satisfying fl9.5l) at the 
beginning for arbitrary given e^. From now on, we fix a sequence {e^^ji that 
eL as L ^ oo. Observe that g^^^ - E^^[g^^^\E-L + ••• + £l] still satisfies 
(I93|) . So we can suppose that E^^[g(L^£_L + ■■■ + £l = (2L + 1)^] = for 
every E > 0. 
Define 



and 

4 3L/4 



^ k=L/2 



where (p^ := E^^[V'{roy]. 

Using fl9.3p and (19. 4p for g(^''^^ and then averaging over k we obtain that 



and 



YoJ E r,gA=e^^[Jl^Jl^JUJt-Rl^Rll 



where 



3L/4 L+fc-1 

/!= E E r_.E.,[l^'(r,,,,0V.-.-i(e^''^-e^^"'^)^(^-2L,2L)|^L..], 

fc=L/2 i=-L-k 



3L/4 L+fc-1 

E E r-.{(C°'^""'^-4°)E.,[r(r^,,,0W.-i¥'(^-2L,2L)|-F^..]}, 

fc=L/2 i=-L-k 

3i/4 TTaPT 

E E e°(p,r)r_,E,^[r(ri,,,i)VL-fc-i(^('?-2L,2L)-l)|^L+.], 

fc=L/2 i=~L-k 
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3L/4 

"SL/T L+k I 

fe=L/2 i=-I,-fe^V^ + -"■>' 

3L/4 TTk^ 

Z E T-,E.,[V^'(rL...l)V-^-,-l(eJ'^'''^-e^'^^''^)^(^-2L,2L)|^L..], 

fc=L/2 i=-L-k 

3L/4 T^aPT 

4- E E ^-.{(C''^'''^-C^)E.,[^'(rL...l)VL_._l^(^-2L,2L)|^L..]}, 

A;=L/2 i=-L-k 



3L/4 L+k-1 

4= Z E eHP,r)r_,E,,[r(ri,fc,i)VL-fe-i(¥'(^-2L,2L)-l)|^L..], 

fe=L/2 i=-L-k 



3i/4 L+fc-1 

4- E E r_,E.,[^'(rL...i)V_^_,_i6;'(^^V(^-2L,2L)|^L..], 

k=L/2 i=-L-k 

k=L/2 "PL+k 



3LIA Q 

Rl= Z '^L^k^^{p-L-k-i^^ — g^^'^^)- 

k=L/2 



dr-L-k 



Here the hat over the sum symbol means that it is in fact an average, and 

^-2L,2L is equal to Eif-2L'^i- 

The proof of the theorem will be concluded in the following way. First we 
show that the middle terms J]^, /|, /|, /£ and J^, J|, J|, tend to zero 
in L^(z/^). Then, the proof will be concluded by showing the existence of 
a subsequence of {-R\ + i?|}L>i weakly convergent to cpoV'{ri) with some 
constant c. 

For the sake of clarity, the proof is divided in three steps. Before that, let 
us state two remarks. 

Remark 9.1. We know that for m = 0,l, — ^ i-e given e > 
there exist Lq e N such that 

^?.,[|r-r'^''f]<e if L>Lo. 
Moreover, by the translation invariance we have 

E^MT-C'^'^n^e zf [-Lo + i,Lo+i]c[-L,L]. 

In fact, given t^iA e Tl 

I ^'^^'^^\r_-{p^r))up{dpdr) = / ^'^'^^\p,r)up{dpdr) 



i_>xvi-ix 1 — j_>xvi-LJL X — JL^xvr^x 1 — i-yxvr^x x — x^^xvr^x x 
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JT-i(A) J A J A 



In addition, since 

C^''\T-i) e T'^^U have 



and therefore 

Remark 9.2. Besides a Strong law of large numbers for {p'fV'{riy)i^z we 
have 

2' 



"0 



< 



L 



for some finite constant C/^. 

Step 1. The convergence of the middle terms to 0. The conver- 
gence to zero as L tends to infinity of Ij^, /| and /| in Li^iyp) follows from 
Schwarz inequality, Remark 19. ![ the condition of {ei} and the fact that Lp 
is a bounded function. 

Using the symmetry of the measure about exchanges of variables, /| can be 
rewritten as 

e(p,r) E E E.,[EV^'(rL...,)VL-.^,(^(^-2L,2L)-l)|-Fx.,](r.,(p,r)) 

fc=L/2 i=-L-k j=l 

and then we decompose it as l^ + ^lj^, where /| and are respectively 



3L/4 L+k-l 
k=L/2 i=-L~k 



L-k 



and 



3L/4 L+k-l 

eip,r) E E E.,[^(<f_2L,2L)-l|^L.fc](r-.(p,r)). 

k=L/2 i=-L-k 

For the first term, observe that 



3L/4 L+k-l 

|/!P<r(p,r)p E E 

fc=L/2 i=-L-k 



'L-k 



Z{V'(rL+k+,)V.,.,^,-f} 



c 

and the expectation inside the last expression is bounded by jA-, so 



r6||2 



ENERGY DIFFUSION 31 

For the second term, written explicitly the conditional expectation we see 
that is bounded by 



3L/4 L+k-1 

E E 

We rewrite the integral part as 



3L/4 L+k-l f~ 1 1 



Using the fact that is a Lipschitz positive function bounded by 1 such 
that fiEij) = 1, we obtain that is bounded from above by 



3-L/4 L+k-1 f~ 1 1 
A;=L/2 i=-L-k + J- |j|>L+fc ^iv + i |j|<i+fc 



where a a 6 denote the minimum of {a, 6}. So, taking expectation and using 
the Strong law of large numbers together with the dominated convergence 
theorem, the convergence to zero as L tends to infinity of 1\ in L?{y^^ is 
proved. 

Same arguments can be applied for J|, J|, J| and J|. For /|, we can 
bound the L^-norm of the term from above by -^||^°||^2(^ ■) for some constant 

Step 2. The uniform bound of the L?{yp^ norms of the boundary 
terms. 

Remember that i?]^ is defined as 
fcfl/2 2(L + /c) dvL+k 

= - E — - — 

k=L/2'^(^ + ^) 



By Schwarz inequality and f l9.5p . we can see that the LP'iyjj) norm of the first 

term in the right hand side of the last equality is bounded by %||^^||l2(7/^) 
for some constant Cp. After an integration by parts, the second term can 
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be written as 

E — - — 

A:=L/22(^ + k) 

(9.6) 

Using the symmetry of the measure again, the conditional expectation ap- 
pearing in the last expression can be rewritten as 

j=L+k+l 

where -kI'^^^^^ stands for the exchange operator of Vj and ri+k+i- After that, 
we decompose the last expression as the sum of the following two terms, 

j=L+k+l 

and 

2ir~ 

j=L+k+l 

The square of the last expressions are respectively bounded from above by 

2L 

j=L+k+l 

for some constant C^. Using Schwarz inequality we can see that the square 
of each term of the sum is respectively bounded from above by 

/-y 3L/4 

7fE.,[( E PLkW^n (9-7) 

and 



C 3L/4 2L 
^ k=L/2 j=L+fe+l 



fc=L/2 j=L+k+l i=L+k+l 

L 



C 3L/4 2L 
k=L/2 i=3L/2+l 



for some constants and C^. One can now estimate Efc=/Y2^i+fc uniformly 
because of the cutoff. Using the spectral gap estimate (112. ip proved in 
Section [121 we can bound (19.71) by a constant. 
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Finally, we state that we can bound the term E,^[{gi^^) o np'^' - gi^L)yj 
by the Dirichlet form of ^(^l) -^hich concludes the proof. 

Proposition 9.1. There exists some constant C such that for every smooth 
function f : Q ^M., 

Proof. The change of variables and simple computations conclude the proof. 

□ 

Step 3. The existence of a weakly convergent subsequence of 

{R\}l>i. Firstly, observe that the expression (19. 6 p is equal to 

PoV'{ri)hl{po, ro, . . . , P-7L/2 , ?'-7L/2 ) 

where 

On the other hand, we had proved in Step 2 that {poV'(ri)h\}L>i is 
bounded in L^(z/^), therefore it contains a weakly convergent subsequence 
{PoV{i^i)hL'}L'- We can conclude in a similar way that {h\}L>i is bounded 
in L^(i/^), therefore {h\,}L' contains a weakly convergent subsequence, 
whose limit will be denoted by h. It is easy to see that 

||X,/.i|U.(.,) < jWeilL^.,) for t e {0,-1,-2,-} 

and 

< jWeWiHu,) for + £ {0,-1,-2,-} 

which implies that Xih = for i e {0, -1, -2, •••} and Yi^i+ih = for {i,i + l} £ 
{0, -1, -2, •••}. Since the function h depends only on {pQ,ro,p^i,r^i,p.2,r-2---} 
one can show that h is a constant function, let's say c. Taking suitable test 
functions, we can conclude that in fact {po^'C'^O^l'Il' converges weakly 
to cpoV'{ri). This proves that for every weakly convergent subsequence of 
{R\}l>i there exist a constant c such that the limit is cpoV'{ri). Exactly 
the same can be said about {i?|}L>i. □ 

Remark 9.3. Observe that the roles of the vector fields Xq and Yq,! ore 
symmetric, in the sense that changing the definition of the energy of the 
particle i to Si = p^/2 + V{ri+i) their actions in the boundary terms in the 
above approximation are exchanged. The space of closed forms does not 
depend on this choice of the definition of the energy St, so we also have the 
equivalent characterization of the closed forms: 

S)c = S + {(poV^'(ro),0)}. (9.8) 

This imply that, defining by = (XoT p jYq^iT p) , a closed form ^ can be 
approximated by + co(po^'('"o)) 0) and by C.g + ci(0,j9o^'('"i)); th^ri cq = 

2 

-Ci = c and F - G = -c^- 
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10. Diffusion coefficient 

In this section, we describe the diffusion coefficient in several variational 
formulas and prove the second statement of Lemma I3.3[ From Corollary 
I5.2[ there exists a unique number D{/3) such that 

Wo,i + D(/3){pI-pI)€LC in H-i. 

Our purpose now is to obtain the explicit formula for D. To do this, we 
follow the argument in ^15j . 

Lemma 10.1. We have 



n-i = lc\m ® {i^o,i} = l*c\m ® {wi^} 

where W*^^ := W^^ - W^^^ and L* = S - A. 

Proof. We shall prove the first decomposition since the same arguments 
apply to the second one. Because we have already proved in Lemma 15^ that 
LC\j\f has a one- dimensional complementary subspace in "H-i, it is sufficient 
to show that T-L^i is generated by LC and the current. Let h e H^i so that 
« /i,Wo,i »-i= and « h,Lg »_i= for all g ^ C. By Proposition 15. 
h - limfc_^oo(ctW^(fi + Shk) in 'H-i for some a e M and hk e C. In particular, 

lhf_-^ = lim « aWo^i + Shk,aWi^ + Shk »-i 



lim « uWqi + Shk,aWo^i + Lhk » 



k 



1 



since « aW^^ + Shk^aW^^ + Ahk »-i= by Lemma 15731 On the other hand, 
by assumption « ^,aWo,i + Lh^ »-i= for all k. Also, by Proposition 15. 2[ 

sup laM^o,! + Lhkt^ < 2a'\W,£_^ + 2(C + 1) sup \Shkt^ := Cn 

k k 

is finite. Therefore, 

= lim « aWg^i + Shk, aWo,i + Lhk »-i 
= hm « aW^i + Shk - h, aWo,i + Lhk »-i 

A;-»oo ' 

< limsup ChjaWi^^ + Shk - h\U = 0. 

This concludes the proof. □ 

Now, we can define bounded linear operators T : Ti^i H-i 
and T* : V-i T-L-i as 

T(aiyo,i + Lf) := aW^^ + Sf, 
T\aWl, + L*f) ■.= aWl, + Sf 

since 
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We can easily show that T* is the adjoint operator of T and also we have 
the relations 

« T{pi-pl),Wl^ T*{pI -pI),Wo,i »-i= 

and 

« T(pl-pl),L*f »_!=« T*{pl-pl),Lf »_!= 
for all f ^C. In particular, 

n-i-77cw®{T{pj-pl)} 

and there exists a unique number Q{f3) such that 
W*^, + Q{P)T{pj-pl)^17C in 
It will turn out later that Q{l3) = D{/3). 
Lemma 10.2. 

Proof. First identity follows from the fact that 

« t(pI-pI),w^^, + Qi/3)Tipl -pI) --1 + Qmnpl-pDWh = o. 

Second identity is obtained by the expression 

inf |||W^o:i + Qimpl -pD - L*fU = 



since 



mmi,^Q(P)T(pj-pl)-L*fr_, 

= inf lW,y - L^ft, - ^ + Qm\T{pl-pl)t, 



□ 

By a simple computation, wc can show that « Tg,g Tg,Tg »_i 

for all g e H-i, and therefore (pj - pi) - T{pl - p^) e L*Co since {pi - pi) - 
T(pI -pi) is orthogonal to T{pl -pi). By the fact, we obtain the variational 
formula for |||r(p2 -p2)|||2^. 

Lemma 10.3. 

r(P^P^)^l-mf|b^p^L7lll!l. (10.2) 



-1 
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Proof. By the similar argument with the proof of Proposition I10.2[ we have 



^^iH-pl-T{pl-pl)-L*fr_, = 



and 



^Jlffpl-Pl-Tipl-PD-L^ft, 

=mm-Pi-L*fr.,-mpi-pi)r_, 

which concludes the proof. □ 
Proposition 10.1. 

m . ^^taf ||«^, - ^ (10.3) 

Proof. By the definition, VFo.i + D(f3)(p'l - pi) e LC and therefore 
« Wo,r + Dmpl-pl),T*{pl-pl) + ^(/3)|||T(p? = 0. 

Then, -D(/3) = <5(/3) follows and we obtain two variational formulas from 
f ITIU]) and ffnOj) . □ 

Proposition 10.2. For an?/ sequence Fk in C such that 



we have 



hm |||l^o,i + Di^)ipi -p',) - LFkU = 0, 



Proof. By the assumption. 



and therefore 



hm |||T{l^o,i + D{P){pi -pI) - LFk)U = 



hm 1^0^ - '^^i.iii'i = D{mnpi-pi)t,. 

K ->oo 



Then, since 

D(/3) = g(/?) ^ 



and 

we complete the proof. □ 
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11. Detailed estimates of the diffusion coefficient 

In this section, we give some detailed estimates of the diffusion coefficient 
as a function of 7. Note that they are not necessary to prove our main 
theorem. 

First, we rewrite the variational formula for the diffusion coefficient given 
by the terms of the norm of l-L-i in a tractable way. 

Observe that C is divided into two orthogonal spaces Lg and Lq where 
Le is the set of even functions in p and Lq is the set of odd functions in p. 
More precisely, for / e C, / e if and only if f{p,r) = f{-p,r) and / £ Lq 
if and only if f{p,r) = -f{-p,r) where {-p)i - -Pi for all i. 

Consider two subspaces of "H-i defined as 'H^_^ := S^L^W ® {W^o^i} and 
'•= SI^o\jv- 

Lemma 11.1. We have 

and they are orthogonal to each other. Moreover, W^^ e H^, Af e T-L°i if 
f e Le and Af ^Ut^ if f ^l^o- 

Proof. Straightforward. □ 
Proposition 11.1. 



= inf sup{7[kpor(ri) -yo,ir/)^) + \{{X,V ff)] 



;ii.i) 



Proof. We can rewrite the first variational formula for i^(/3) in f ll0.3p as 
/3^inf{l|W^6:i-'5/lll'i + lll<i-^/lll'i} 

= inf inf - Sf£_, + \Sf£_, + \W,\ - Af£_, + \Af£_,} 

= /3%inf{lKi-^/ll^i + lKi-^/lll?i} 

= /32 inf snpilWi^, - Sft, - 2 « W,^, - Af, Sg »_i -i^^i^ J 

= inf sup{7[kpo^'(ri) - yoaF/)^) + k^oF/)^)] + 2((H^o'i - Af)T,) 

-7[^((>^o,ir,)^) + ^(W)')]}- 



□ 



Proposition 11.2. 



38 STEFANO OLLA AND MAKIKO SASADA 

2 

Proof. Take / = in the variational formula flll.ip . then we have 

DiP) < sMj{plV'{rof) + 2{{W,\ + A(f )}r,) - i[\{{Yo,,T,f) + ^((Xor,)^)]} 

4 7 3eL„ 4 2 2 

Since H^o^i = yo,i(f ), 

sup{2«i + ^(^))r,) - k^o,ir,)^) - k^or,)^)} 

5£Lo 4 2 Z 

= sup{-i(pg,Xor,) - i(pg,yo,ir,) - k^^o.ir,)^) - k^or,)^)} 

geLo I I I I 

= sup{-k^or, + f )^) - k^o.ir, + + -(pt)} < -Apt). 

geLo ^ II 2 4 4 

□ 

Proposition 11.3. 

Proof. By the variational formula flll.ip 

> 7/?^ inf {[i((por (ri) + FciF/)^) + ^((Xor^)^)]}- 

Since = (po^'('"i),Pon) and (po?^o,^o(r/))-(pon,^o,i(r/)) = (^'(ro)ro- 
V'{ri)ri,r f) = for any / e Le, we have 

^ = (PoV'ir,) - yo,i(r/),Pori) + {poro,Xo{T f)) 

for any / € Lq. Then, by Schwarz inequality, 

^ < inf ((po^'(ri) -yo,i(r/))^ + {Xo{Tf)mPonr + (poro)^) 

□ 

2 

Remark 11.1. For the harmonic case with V{r) = we have an explicit 
fluctuation- dissipation given by 

i.e. the diffusion coefficient is given by D((3) = ^ + ^ which does not depend 
on j3. 
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12. Spectral gap 

In this section, we prove the spectral gap estimates for the process of 
finite oscillators without the periodic boundary condition, which is used in 
the proof of Theorem [3] in Section [91 We use the following notation: 

Recall that we assume that < 5_ < V"(r) < 6+ < oo. Then it is easy to see 
that V satisfies 



< d_ < 



< d+ < oo 



V'{r) 

for all r e M \ {0} where d_ = and d+ = Under these assumptions, 
we can operate the change of variables {p,r) {£,9) as \/£cos9 = ^ and 
\^sm9 = sgn{r)\JV{r), and we obtain that 

/(p,r)dzvi = — =^ / / f{8,e)e-P'q{£,e)d£de 



where q{£,0) = ly^p^jj^l; which satisfies (i_ < q(£,0) < d+ for all £ and 6. 

Here, /(^,^) := r(<f , ^)). 

Let hp{x)dx be the probability distribution on R+ of + V{r) under 
du^p, i.e. 

[ g{p^l2 + V{r))dul= f g{x)h^{x)dx 



for any g : R+ R. Then, since hfs{x) = ) J^" e-^'=q{x,e)de, we 
obtain 

0+ o_ 

for all X > 0. 

With these notations, we prepare two lemmas before we state the main 
result of this section. 

Lemma 12.1. There exists a positive constant C such that 

for every E > 0, and every smooth function f . 

Proof. By simple computations with the change of variable, 

p r,, p r,„2, ft(f(E.e)-E,,jf]r4E.e)de 
E.a(f-E„.Af]) ] = j^^',(E,e)dB 

and 



f^'^{q{E,eydef{E,e)}^q{E,e)de 



E.,j{xjr] 



ftqiE,9)de 
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Therefore, it sufficient to show that there exists a positive constant C such 
that 

J/~ 27r /~ 27r _ 

U{E,e)-E,^^[f]fq{E,e)de<c / {def{E,e)fq{E,e)-'de 
^0 

for every > and every smooth function /. Then, since d- < q{E, 9) < d+ 
for ah £^ > and 9, and 

{fiE,9)-E,,,[f]yqiE,9)d9< [f{E,9)-iJ^ f{E,9)d9)) q{E,9)d9 

holds for every E > Q and every smooth function /, the desired inequahty 
follows from the Poincare inequality. □ 

Lemma 12.2. There exist positive constants < c < C < oo such that 

cE <ai{E) <CE 

for all E > and for i - 1,2 where ai{E) :- E^-^ j^[pl] and a2{E) := 
E.,jV'\r^)l 

Proof. By the change of variables introduced above, 

}^'2Ecoi,ff'q{E,e)de 

and it is easy to show that ^E < -E",^! ^[Pi] ^ 2£^. Similarly, 

-27r 



r ,9. 2 , , 2 E sin 9^ q(E,9)d9 2E 

and 



r ,9/ 2 , , 2 f^" E sin 9^q(E.9)d9 d-E 



□ 



The following is the main theorem in this section. 
Theorem 4. There exists a positive constant C such that 

EuUf] ^ C t E^, ,[(Xjr] + CL'Y.E^,^,[(Y,,,,jr] (12.1) 
fe=i fe=i 

for every positive integer L, every E > 0, and every smooth function f 
satisfying E^^ j^[f] = 0. 

Proof. We start the proof by the usual martingale decomposition. Let Qk be 
the cr-field generated by variables {Si, . . . ,£k,Pk+i,fk+i, ■ ■ ■ tPLi^l}- Define 
fk E^^ MSk] for A: = 0, 1, -, L. Note that /o - / and /l = . . . , £l). 

Then, we obtain 

Ei^l.eU^^ = E ^'^L.slifk ~ fk+lY] + E^j^ eUl]- 
k=0 
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We analyze each term separately. 
By Lemma [12.11 for any k 

and therefore we have 

k=l 
k=l 

So we are left to estimate E^^ j^lf^] in terms of the Dirichlet form 

Observe that Yk^k+ifi = PkV'{rk+i) (dg^ - dg^^J fiiSi, ■ ■ ■ Since u^e 
is the conditional probability of the product measure uji^, 

E.,.AplV'irk.if\GL] = E,,,^[p']E,,,^jV"{r)] = a,{S,)a,{£,,,). 

By Lemma [12.21 the Dirichlet form Y,k=i E^^ i^[{Yk^k+ifLy], is equivalent 

to 

L-l 

fc=i 

Now the problem is reduced to the estimates of the spectral gap for the 
energy dynamics depending only on variables Si, . . . ,£l. Since we can write 
the probability distribution 1''l,_e(-|^l) on {(£i, . . . ,£l) '■ T^i^i = LE} as the 
product measure YliLi hi(xi)dxi (or HiLi hp{xi)dxi for any {3) conditioned on 
the same surface, Theorem [5] in the next subsection completes the proof. □ 

12.1. Spectral gap for the energy dynamics. Consider the product 
measure Y{i=\hi{xi)dxi on M.^ and d^L,E the conditional distribution of it 
on the surface Tjl,e = {Ej=i Xi = LE}. We have the following expression 

L 

dfiL,E = n h{xi)d\L,E{xi, ...,xl) 

where dXi^E is the uniform measure on the surface T,l e- 
Theorem 5. There exists a positive constant C such that 

L-l 

E^^,,A9^] < CL^ Ef^L.E (9^.9 - ^-..i^)'] 

for every positive integer L, every E > and every smooth function g : 
T,L,E IR satisfying Ef,^ ^[g] = 0. 

To prove this, we first refer Caputo's result (Example 3.1 in |i6j) and recall 
that 5_/5+e"^ < hi{x) < (5+/(5_e~^'. Let Eij and Dij be operators defined 
by Eijf = E^^ j^[f\J='ij] and Aj/ = Eijf - f where J^ij is the a-algebra 
generated by variables {xi:}k+i,j- 
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Lemma 12.3 (Caputo, [B]). If 6^/6+ > (3/4)^/^^, then there exists a positive 
constant C such that 

for every E > 0, every positive integer L and every smooth function g : 
J:l,e K satisfying E^^ j^[g] = 0. 

Next, we show that we can take a telescopic sum. 

Lemma 12.4. There exists a positive constant C such that 

7 t E,,^A{D.,gn<CL^Y.E,,.,mMi9f] 

^ i,j=l 1=1 

for every E > 0, every positive integer L and every smooth function g : 

Proof. First, we rewrite the term Eijg in an integral form: 
1 

Eijg{x) = — / g{R'i jX)h{{xi + Xj)t)h{{xi +Xj){l -t))dt 

' — 'Xi+Xj -'O 

where = h{at)h{a{l - t))dt and R^jX e is a configuration defined 

by 

if A; ^ i, j. 



(Rlx), 



(^Xi "H Xj^t if. k — 



{xi + Xj)(l-t) iik = j. 
Then, by Schwarz's inequality we have 
1 rK 



{Dijg(x)y = {- / {giRljX) - g(x)}h{{xi + Xj)t)h{{xi + Xj){l - t))dtf 

^Xi+Xj -'0 

1 

<- / {g{Rl jx) - g(x)yh((xi + Xj)t)h{{xi + Xj)(l -t))dt. 

^Xi+Xj -^0 

Now, we introduce operators tt*'-?, a*'-' and 5"*'-' : M;^ M^^ for i < j as 

'xk iik^ij, 



{7^'^^x)^ 



Xj if Jv — 1^ 

Xi if k = j, 



:= 7rJ-^'Jo7rJ-2,i-i...o7r*'*+i and a^J := 7r«.«+i o 7r*+i'^+2--- o yr-'-iJ. With these 
notations, for any i <j, we can rewrite the term g{R\-x) - g{x) as 

g{Rlx)-gix) = - 

+ {g(Rl,^^(a'^^-'x))-g{a^^^-'x)} + {g{a^'^-'x) - g{x)}. 
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Therefore, we can bound the term i?^^ ^[(Dj from above by 

h((xi + Xj)t)h{{xi + Xj){l - t))dt] 

^^E,, A^ j\g{RU^^{a^^^-'x))-g{a^^^-'^ 

h{(xi + Xj)t)h{(xi + Xj)(l - t))dt] 

+^E^l.e[^^ r {9{(^''''^^) - g{x)Yh{{x, + Xj)t)h{{x, + Xj){l - t))dt]. 

(12.2) 

We estimate three terms separately. The last term of equation (112. 2p is 
equal to 

3E,^ ,[{gia^^^-'x) - gixm 
and therefore bounded from above by 

SLfE,,J{g{n'''^-'x)-g(x)n 

By simple computations, we obtain that 

= E,, ,[{g{^^^^-^x) - {E,.,,^g){n^^^-^x) + {E,.,,,g){x) - g{x)Y] 

< 2E^^^^[{g{n^^^-^x) - + 2i?^, - (^(x)}^] 

= AE,,,[{D,,,,,gfl 

By the change of variable with y = a'-'^^^x, we can rewrite the second term 
of equation (112. 2p as 

3^ML,J:^^ f\9iRU,jy)-9iy)VHiyj-i + y,)t)Hiyj-i + yj)ii-t))dt] 

^?,E,^^,[E,^,,,{g^)-2gEj,,,g + g^] 
= QE.^^.W - {E,,,i9f] = 6E,^ JiDj,,,gy]. 
Similarly, the first term of equation (112. 2p is rewritten as 

SE.U^^^ r {9{&''''\RU,y)) - 9{RU,y)? 

= 3E,,,[E,,Mg o - gf)] = ?>E,,,[{g o - gf]. 

In the same way as the first term of (112.20 . it is bounded from above by 
12LY,''jZi E^j^ j^[(Dk^k+igy]- Therefore, we complete the proof. □ 
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Lemma 12.5. There exists a constant C such that 

E^,A{Di,2gy]<CE,^^[x,X2{d^,g - d.,,gf]. (12.3) 
for every E > and every smooth function g : T,2,e ^ ^■ 

Proof. Since the both sides of (112. 3p do not change if we replace g with g + a 
for any constant a, it is sufficient to show that the inequahty holds for every 
smooth function g : T,2,e K satisfying Ex^ j^[g] = 0. In particular, since 
Efi2 E[iE>i,2gy] ^ Efj^^ j^[g'^], it is sufficient to show that 

Ef^^Aa'^] < CE^^^[xiX2{d^,g - d^^gf]. 
Note that for any positive function / : S2,_b M+ and for any E > 0, 

In fact, 

E,,Af] = ^ r (1 - t)E)h{tE)hai - t)E)dt 

where = Jq h(tE)h{(l -t)E)dt. Then, since |^ < h{x) < the above 
estimate holds. Now, all we have to show is that, there exists a constant C 
such that 

E,,Jg']<CE,^Jx^X2{d,,g-d,,gy] (12.4) 

for every E > and every smooth function g : T,2^e ~* ^ satisfying Ex2 ^Ig] = 
0. By the definition of X2,e, the inequality (112. 4p is rewritten as 

g{tfdt<C t{E-t)g'{tfdt 
Jo Jo 

and by a suitable change of variable, the problem is reduced to the case with 
E = 1. Applying Schwarz inequality and changing the order of integration 
repeatedly, we have 

f\{tYdt= r ['{ r g\r)drYdsdt< C f\t-s) f' g'{rfdrdsdt 

Jo Jo Jo Js Jo Jo Js 

/ {h )g'{rydrdt = - / g' {r^r^l - r)dr. 

Jo 2 2 Jo 

□ 

Lemma 12.6. There exists a positive constant C such that 

^ml,b[(A,*+i£/)^] < CE^,^ j^[xiXi+i{d^^g - d^^^.gf] 

for every positive integer L, i = 1, . . . , L - 1, and every smooth function 
g : El,e ^ K. 

Proof. By Lemma [12.5[ 

-^Mi„i5[(A,*+i5')^|-^i,i+i] < CE^^ j^[xiXi+i{d^^g - d^^^,gf\J^i^i+i] 
holds. Then, by taking the expectation, we complete the proof. □ 
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13. Lie Algebra 

We prove here that Lie{Xi,Yi^i+i,i = 1, . . . , A^} generates the all tangent 
space of Tijy^E- We have used this property in section [HI for the characteri- 
zation of the finite dimensional closed forms. 

We have 

[Xj+i,Yjj+i] = V"{rj+i)Zjj+i 

where 

Zij = Pidp^ - Pjdp- 

Since [Zjj+i, Zj+ij+2] = Zjj+2 and V"(r) > 5 > 0, we have that Zij e 
Lie{Xi,Yi^i+i,i = 1, . . . , A^} for any i and j. 

On the other hand [Zj^i,Xj] = Yij, and we have enough vector fields to 
generate the all tangent space. 

Remark 13.1. By the above argument, it is obvious that Lie{{Xi,i = 
1, . . . , N}{Yii+i,i = 1,...,A^-1}} also generates the all tangent space of 
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